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To George Lusztig on the occasion of his 65th birthday 



1. Introduction 



Let k be an algebraically closed field of characteristic > 0. Let G be a connected reductive 
algebraic group over k and g the Lie algebra of G. Let q* be the dual vector space of g. Note that G 
acts on Q* by coadjoint action. Let 7V"g* be the variety of nilpotent elements in q* (where an element 
rj I ^ : g — > k is called nilpotent if it annihilates some Borel subalgebra of g, see [1]). Let Gc be the 

Ph . reductive group over C of the same type as G. In 0], Lusztig proposes a definition of a partition 

^ I of A/g* into smooth locally closed G-stable pieces, called nilpotent pieces which are indexed by the 

• unipotent classes in Gc- The case where G is of type A, C, or D has been illustrated in [3]. We 

treat in this note the case where G is of type B. 



In section 2 we recall the definition of nilpotent pieces in TVg* that Lusztig proposes and state 
the main theorem. We also include Lusztig's result (and proof) on the number of rational points 
\^ . in TVg. over finite fields of characteristic 2 (where G is of type B, see 12. 5p . In section 3 we give an 

I explicit description of the set g2''' (see 2.1) involved in the definition of nilpotent pieces, where a 

' key definition is suggested by Lusztig (see 13. ID . The main theorem is proved in section 4. 

(N 

' Acknowledgement I wish to thank George Lusztig for suggesting a key definition, for allowing 

me to include his proof on the number of nilpotent elements in g*, and for many helpful discussions. 



2. Preliminaries and statement of the main theorem 

2.1. In this subsection we recall the definition of nilpotent pieces in A/g* that Lusztig proposes 
(see |4j for more details). Let be the set of all / G Hom(C*,Gc) such that there exists a 

~ f r \ 

homomorphism of algebraic groups / : SL2{C) Gc with fir, -i ) = /(?") for all r € C*. Let 



^0 r- ^ 

Dg be the set of all 6 G Hom(k*, G) such that the image of 6 in G\Hom(k*, G) = Gc\Hom(C*, Gc) 
can be represented by an element in Dgc- 



Let 6 G T)g- We have g = ejezgf, where gf = {x G g\Ad{6{r))x = r'x, V r G k*}. We set 
Q>i = ®i'>i9f>- For j G Z, let gf = Ann(e,^„jgf) C g*. We have g* = ejgzgf • 

For any ^ G g*, denote Zg{S,) the centralizer of ^ in G under the coadjoint action. Let 

9f = {C(^9f\ZG{C)cGi,}, 

where G>q is the (well-defined) closed connected subgroup of G such that its Lie algebra is g>Q. 
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Let Dg be the set of equivalence classes in Dq, where 6 and 6' in 2)g are said to be equivalent if 
for any i G N, gi^ = 5^^. Let A € Dq- We write G%, instead of G^q, g^^ for 6 e A. For j G N, 
let g*^ = Ann(g|_^.+i"). Then g§ = (Bf>jQ*f {S € A)rFor any ,5 e A, let's*'' C 0^i/g*>i be the 
image of Q2^' C under the obvious isomorphism 32*^ — > g>'|/0>^. Then S**^ is independent of 
the choice of (5 in A; we denote it by S*^. Let a*^ C qI^ be the inverse image of S*^ under the 
obvious map — ?• q'^/q'^- Then a*^ is stable under the coadjoint action of G>q on g>^. We 
have a map 

Theorem 2.1. If G is of type B, then the map ^g* is a bijection. 

In [3] Lusztig conjectures that ^'g* is a bijection for any G and proves this in the case where G 
is of type A, C or D. Theorem 12.11 will be proved in section [H We can assume that G is the odd 
special orthogonal group. 

Let Hg be the set of G-orbits on Dq- Then Hg is a finite set that depends only on the type of 
G, not on k (see [3]). For any O € ilc we set 

The subsets M^* are called pieces of Nq* . They form a partition of A/'g* into smooth locally closed 
subvarieties (which are unions of G-orbits) indexed by Hg = itcc • 

2.2. Let V be a vector space over k equipped with a nondegenerate quadratic form Q : V — > k. 
Let /3 : V X V — 7- k be the bilinear form associated to Q, namely, (3{v, v') = Q{v + v') — Q{v) — Q{v') 
for all v,v' G V. Then Q : Rad(Q) = {v e V\f3{v,V) = 0} ^ k is injective and Rad(Q) = unless 
p = 2 and dim V is odd. The special orthogonal group SO(V) is the identity component of 0(V) = 
{g £ GL(V)| Q{gv) = Q{v), V u G V} and its Lie algebra is o(V) = {x G End(V)| (3ixv,v) = 
0, V u G V and x|Rad(Q) = 0}. 

A Z-grading V = ©aezV" of V is called an o-good grading if dim V" = dim V^" > dim V^''^^ 
for all a > 0, dim V" is even for all odd a, /3(V'*, V^) = whenever a + & 7^ 0, and Qlv = for all 
o 7^ 0. 

A filtration V* = (V^")^^^ of V (where V^"+i C V^^'^, V^^*^ = {0} for some a and V^'^ = V 
for some a) is called a Q-filtration if Q|v>£t = and V-^~" = (V-")"*- for any a > 1. 

2.3. From now on we assume that V is of dimension 2A^ + 1, Q is a fixed nondegenerate quadratic 
form on V with associated bilinear form (3 and that G = S'O(V) (with respect to Q). Let R denote 
the radical Rad(Q) of Q. For any subspace W C V, let W"*- denote the set {v G V|/3(?;, W) = 0}. 

To give an element 5 G 'Sq is the same as to give an o-good grading V = ©agz V" of V {5 is given 
by 5{r)\^/a = for all r G k* and all a G Z, see [H 1.5]). Let 5o(V) be the set of all Q-filtrations 
V* = (V-")aez such that there exists an o-good grading ©aezV*^ of V with = ©a'>aV'^ . 
The set 5^o(V) and the set Dq (see 12. ip are identified as follows (see [31 2.7]). Let [5] G Dq be the 
equivalence class containing 5 G 2)g and let V = ©aezV"^ be the o-good grading corresponding to 
5. Then V* = (V-") with = ©a'>aV"' is the element of 5^o(V) corresponding to [S\. 

2.4. Let 6(V) denote the set of all symplectic bilinear forms on V. In [SI 3.1], we have defined a 
map (assume p = 2) 

g*^6(V), 
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where /3^{v,v') = /3{Xv,v') — f3{v,Xv'), V v,v' & Y and X is such that ^{x) = tr(Xx), V x G g. In 
fact for arbitrary p this map makes sense and is a vector space isomorphism. In the following we 
denote by /3g the symplectic bilinear form that corresponds to E g* under this map. 

Let &{'V)nii denote the set of all symplectic bilinear forms with ^ E A/'g*. 

Assume p = 2 and (3^ G &{\')nii- There are a unique m S N and a unique set of vectors 
{vi,i G [0, m]} such that (see |6i Lemma 3.5]) 

(a) /3{vm,v)=0, /3^{vi,v) = /3{vi-i,v),i e [l,m], /3^{vo,v) = 0,y v e V; 
Q{vi) = 0,i € [0,m - 1], Q{vm) = 1. 

2.5. The proofs in this subsection are due to G. Lusztig. 

A basis (ei)jg[_^^7v] of V is said to be good if I3{ei,ej) = Si+jfl + 5ifi6jfi, for all i,j G [— A^, A^], 
and Q{ei) = 5j,o for ah i G [-iV, N]. 

We show that the following two conditions are equivalent: 

(al) G e(VUi; 

(a2) there exists a good basis (ei)jg[_jv,Ar] of V such that i + j > implies f3^{ei, ej) = 0. 

Assume /3g G 6(V)„j/. We can find a Borel subalgebra b of g such that ^(b) = 0. There exists 
a good basis (ej)jg[_^7v] of V such that for all x G b, xe^ = J2j>i^ij^j for all i G [— A^, A^], where 
Xij + x-j-i = for ah i,j G [-A^, A^] - {0}, Xi-i = for ah Tg [-A^, A^] - {0}, Xo,j + 2x_i,o = 
for all 'i G [-A^, A^] - {0} and 2xo,o = 0. We take X G End(V) such that ^(x) = tr(Xx) 
for all X G g. Assume Xei = Ylj^ij^j- For x G b, we have tr(Xx) = Yl,-N<j<i<-ii'^i-i ~ 
X_j „j)xji + Y.~N<j<i<-ii^-i,i - + Ej<o(^o,j - 2X_j- o)xj- 0- It follows from ^(b) = 

that Xij — X^j-i = for all i > j, and X^j — 2X^j^Q = for all j G [— A^, —1]. Now we have 
/3^{ei,ej) = Xi_j - Xj_i = for i,j G [-A^, A^] - {0}, i > -j; /3^{eo,eo) = and /3g(eo,ej) = 
Xo-j - 2Xjo = for j G [1, A^]. Thus (a2) holds. 

Conversely assume (a2) holds. Let (ej)jg[_7v,Ar] be a basis of V as in (a2). Let X and Xij be as 
in the first part of the proof. We have for i,j G [— A^, A^] — {0}, i > — j, Xi^^j — Xj^^i = 0; and for 
j G [1, A^], A'o,-j — 2XjQ = 0. Let b be a Borel subalgebra related to (cj) as in the first part of the 
proof. Then ^(b) = 0. Hence (al) holds. 

We assume now that k is an algebraic closure of the finite prime field F2 and that dim V > 3. 
We choose an F2 rational structure on V such that Q is defined over F2. Then the Frobenius map 
F relative to this F2 structure acts naturally and compatibly on &{'V)nii- We show that 

(b) |©(V)^;;| = g2A^', where q = 2". 

For any m G [0, A'], let 5m be the set of all sequences u=k = {vq, . . . , Vm-i) of linearly independent 
vectors in V such that (5|span{i;i,iG[o,m~i]} = 0. We have 

(C) = (9'"^ - l)iq^^~^ -!)••• (g2^-2™+2 _ l)gm(m-l)/2_ 

For each G Sm, let be the set of nilpotent elements in o(V') = {T G End(V')|/3'(Tr;', f') = 
0, V G V'}, where V = / L with L = spanjiJj, z G [0, m — 1]} © R and /3' is the bilinear form 
on V induced by /?. By a result of Springer (see [5]), we have 
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(d) =g2(iV-™){iV-m-l)_ 

Fix a pair (f*, T) where v^, G 5m and T S Mv^- Let £^ be the set of all (, ) S ©(V) such that 

(1) {vq,v) = 0, {vi,v) = /3{vi-i,v), i e [1,171- 1], for all -u € V; 

(2) (r, u) = /3{vm~i,v) for all v € V, where r £ R is such that Q(r) = 1; 

(3) f3'{Tv' ,v") = {v',v")', V v',v" G V, where (, )' is the bilinear form on V' induced by (,) 
(note that (1,1-^) = 0). 

We show that 

(e) £ C &{VUi; 

(f) £ is an affine space of dimension 2m{N — m) + m(m — l)/2. 

Let {,)££. Let V be a complement of L in L"*" and let L' be a complement to L"*" in V such that 
Qli^' = and (3{L' , V) = 0. Note that /3|-y- is nondegenerate and can be identified with /3' on V'. We 
can regard T £ Mv, as an element T G ■^o(V) identify (, with (, )' on V. Let N' = N — m. 
We can find a basis (ej)jg[__jv',Af']-{o} of ^ such that /3(ei, e^) = 5j+j,o for all i, j € [— A^', N'] — {0}, 
Q(ei) = for all i G [-N\N'], and (ei,ej) = for alH + j > (since {v,v') = ^{fv,v') on V 
and T is nilpotent). We extend it to a basis of V by setting e]\j'^j = Vm-j, j G [li^^], = t 
and e^N'-j = Um-j, j G [l,r?T,], where Um-j are elements in L' such that (3{vm-j,Um-j') = Sjj'. 
It follows that (ei)jg[_7v,Ar] is a good basis of V. We show that {ei,ej) = if i,j G [— A^, A^] and 
i+j>0. For G - 1] and f > j, {e^N'-j,eN'+j') = {u.m-j,Vm-j') = (3{u,rn-j,Vm-j'-i) = 
0; for i G [-N',N'] - {0}, j G [l,m - 1], {ei,eN'+j) = {ei,Vm-j) = /3{ei,Vm-j-i) = 0; for 
G [l,m - 1], (eAr/+j,eAr'+jv) = (3{vm-j,Vjn-j'-i) = 0; for j G [0,A^], (eo,ej) = P{vm-i,ej) = 
and for i G [— A^, A'"], (e,, ejv+m) = (cj, fo) = 0. This completes the proof of (e) (we use (al)<^4'(a2)). 

We prove (f). Let V, L' be as in the proof of (e). Let uq, . . . ,Um-i be a basis of L' and let 
(ej)jg[_7V',Af']-{o} be a basis of V. To specify an element (,) of £, we need to specify {ui,ej), 
i G [0, m — 1], j G [— A^', A^'] — {0} and (uj, Uj) for f < j in [0, m — 1]. These provide coordinates in 
£. Thus (f) follows. 

Let G &(V)nii- Let {vi,i G [0,m]} be the set of vectors as in (12.41 (a)). Then Vi, i G [0,m] 
are linearly independent, Vm £ R and (5|span{Di,ig[o,m-i]} = (see [61 Lemmas 3.5, 3.7]). We set 
L = span{t;j,z G [0, m]} and V = L^/L. The bilinear form /3 induces a nondegenerate bilinear 
form /3' on V. For any x £ L, (3^{x,L-^) = since /3^(uo, V) = and j3^{vi,L-^) = /3(uj_i, L-*-) = 
for all i G [1,?ti]. Hence (3^ induces a symplectic bilinear form (3'^ on V. We define : V — )■ V' 
by (3'{T^v',v") = P'i:{v',v") for any v',v" G V. Note that G o(V') and is nilpotent (see P 
Lemma 3.11]). Thus we have a natural map (3^ i— )• (f* = (vq, . . . ,Vm-i),T^) from 6(V)nU to the 
set of all pairs {v^,T), where G 5m for some m G [0, A''] and T G A/"^, . The fiber of this map at 
{v^,T) is the set £ consisting of all (,) in ©(V) satisfying the above conditions (l)-(3) (see (e)). 
Now using (c), (d) and (f) we get 

me[o,N] v^esr 

= q2N^ (l_g-2iV)(i_^-2^+2)...(i_^-2iV+2m-2)^-2JV+2m 

me[0,N] 
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Let Xn = Em=o(l - - 9^"^) • • • (1 - q^-^+^)q^-^. We have Xi = 1 and X^v+i = 

qN+i _|_ _ q^+^'^X^. Hence Xj^ = 1 by induction on and (b) follows. 

3. The set ' 

In this section we fix 5 S T)g and the corresponding o-good grading V = ffiaezV'* of V (see I2.3p . 

3.1. Let 6(V)2 be the set of ah symplectic bilinear forms (3^ G *3(V) such that /3^(V'^, V^) = 0, 
whenever a + 6 / -2. For G ©(V)2, define ^ : V ^ for all a / -2 by 

Let (5(V)2 be the set of all /3g G (3(V)2 such that (this definition is suggested by Lusztig): 

(a) all maps V° ^ ■ ■ ■ ^ V^" ^ • • • are surjective, and Q|kcr{A":V('-i-v2") is nondegen- 
erate for all n > 1; 

(b) all maps ^ V"*^ ^ • • • ^ Y^"^! . . . gj-e surjective, and the symplectic form 
(— , — )_i := P{A—, — ) on ker(^" : V^-*^ — > V^"^-'^) is nondegenerate for all n > 1. 

Proposition 3.1. We have ^ G 02*^' if and only if (3^ G 6(V)^. 

Note that ^ G if and only if (3^ G 6(V)2 (since (5(r)|v- = r"", and ^ G 0^'' iS I3^{6{r)v,6{r)v') = 
r~2/3^(u, v') for all G V, r G k*). The proof of the proposition in the case when p ^ 2 is given 
in 13.21 and that when p = 2 is given in 13.3113.71 In general, denotes an element in V*^ . 

We first show that the condition (b) can be reformulated as follows 
(b') ^2n-i . Y-2n+i _^ y2"-i ig an isomorphism for ah n > 1. 

Let K2n-i,v = ker(^" : y^^-i^ and hn-iy = Im{A^-^ : V^^^+i ^ y-^). Assume 

(b) holds. ' We show that yl^n-i . y-2"+i ^ y^"'"! is injective. Assume ^^"-ix-^^+i = o. 
Then G Rad((, )_i ji^^^., ^) = {0} and /3(V2"-i, x'^^+i) = /3(^"V-\ = 

/3(V-\ = (note that : V^^ ^ ^/2n-i surjective) . Hence = (since 

/3 : X V~" k is nondegenerate for all a / 0). Now (b') follows since dim V"^"'^^ = dim V^""^. 

Conversely assume (b') holds. It is clear that all maps A in (b) are surjective. We have V^^ = 
-f2n-i,v © i^2n-i,v (since /2n-i,v n i^2n-i,v = {0}, dim/2n~i,v = dimV"2"+i and dimir2n-i,v = 
dimV"^ - dimV2"-i). Assume x"^ G Rad((, )_i ^). Then l3{Ax-\V-^) = 0. It follows 
that Ax~^ = and x^^ = (since A : — )• is an isomorphism). Hence (b) holds. 

3.2. Assume in this subsection that p ^ 2. Let G 6(V)2 and let ^ : V" ^ V"+2, a / -2 
be as in EH We define A : V~2 ^ by /3{Ax-^,x^) = /3^(x-2, x°), V x^ G V^x'^ e v-^. The 
collection of maps A : V° — > V"+2 gives rise to a map yl : V — > V, ^(X^a ~ ^2;". Note that 
for any v,v' G V, ^{Av,v') = Pi^{v,v'). It follows that A G o(V)2 := {T G o(V)|TV'* C V^+^j. 

We show that condition (a) in 13.11 is equivalent to 

(a') A^"- : V~2"' V^" is an isomorphism for all n > 1. 

Let ker(A" : ^ V^") = i^2n,v and Im(^" : V'^" ^ V^) = /2„,v Assume (a') holds. 



6 TING XUE 

It is clear that all maps A : V^" — > V^""*"^ are surjective. We have V*^ = K2n.v © hny and 
thus Rad{Q\K2„v^) ^ Rad(Q|vo) = {0}. Hence (a) holds. Conversely assume (a) holds. Sup- 
pose ^2n^-2n ^ g. Then A^x'^" E Rad(Q jx^,^,, ^ ) = {0}. It follows that v^") = 
yO) = and thus x'^*^ = 0. Hence : y-^n _^ y^" is injective and (a') follows. 

It is easy to see that g G Zg{0 if and only if 5 E Zg{A), ^ E 02"^ if and only if A E 02 = 0(^)2, 
and thus ^ E 0^ ' if and only if A E 0f := {T E 0^|ZG(r) C G|o}. By 1.5], ^ E 0^ if and only 
if A satisfies (a') and 13.11 (b^). Proposition 13.11 follows in this case. 

3.3. We assume p = 2 through subsection EZl Let (3^ E 6(V)2. Let A : V ^ V^+^j a / -2 be 
defined for f3^ as in 13.11 Note that R C V*^. Let m be the unique integer such that 

A'^R^O,A'^+^R = 0. 

We define Vfh & Rhj Qivfh) = 1 and set (if m > 0) 

Vi = A'^-'vin, i G [0,m-l]. 

Assume m = 0. Let 

W*^ be a complementary subspace of spanjuo} in V'^ and W"^ = for all a 7^ 0. 
Assume m > 0. We choose uq E V~^™ such that /3(no,^^o) = 1; and set 
Ui = A*-uo, z E [l,m — 1]; 

= {V(- W-^'\P{v,Vrn-i) = 0}, = {v ^ \^'\P{v , Urn-i) = 0}, i E [l,m], 

W° = {?; E Y^\l3(.{v,Ufh-i) = 0}, = V", if a is odd, or a is even and a i [-2fh,2m]. 
Note that V^^' = W^J span{um_j}, j E [0,rh]; V^^j ^ ^-2i ^ span{urn-j}, j G [l,m]. 

We show that ^(W") C W^'^^, a / — 2. This is clear except when ?fi > and a = 2j, 
j E [-fh - 1,-2] and j E [0,m - 1]. If E W°, then /3(Ati;°, = = 0; 

if t(;2j E W2i, j E [l,m - 1], then l3{Aw^\Urn-j-i) = /3i:{w''^ ,u^.j^i) = (3{w''^ ,u^.j) = 0; if 
yj-2j g j E [2,m], then ^{Anj-''^ ,Vn,-j+i) = P^{w-^^ ,v^-j+i) = ^{vj-''^ ,Vn,-,) = 0; if 

^-2m-2 ^ then /3(Aii;-2'^-2,i;o) = /3^(u;-2'^-2,yo) = I3{w-^^-^ , Avo) = 0. Hence in 

each case Aw'^^ E W2-?+2. 

Let i = : W"^ ^ ^^+2, a ^ -2, and define ^ : W-2 ^ by /3{Aw-^,w'^) = 

P^{w~'^ ,w^) (note that /3|-vvo is nondegenerate) . Then we have a collection of maps 

i : ^ V a 

such that 

3.4. Let /^g, ?fi, W" and A-.W"" ^ W"+2 be as in EH We show that condition (a) in O holds 
if and only if the following two conditions (al) and (a2) hold: 

(al) for any n E [l,m], the map A" : W^2" ig injective and Q|im{A":W-2"-s.wo) is 

nondegenerate; 

(a2) for any n > ?fi + 1, ^2" : W~2'^ — > is an isomorphism and dim ^2*^ is even. 

We first show that 13.11 (a) holds if and only if (al') and (a2) hold, where 
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(al') for any n G the map : — > W^" is surjective and <3|ker(A":W0-i.w2") is 

nondegenerate. 

We denote ker(A" : ^ V^") = K2n,v, ker(i" : ^ W^") = i^2n,w and Im(i" : 

W~^" — )■ W'^) = w- Then one easily shows that 

K2n,v = K2n^w,n € [1, m]; i^2n,v = -f^2n,w ® span{vfn}, n > m + 1. 

Assume 13.11 (a) holds. We first show that A : W^" W^"+^ is surjective for all n > 0. 
This is clear for n > fh. Let n G [0,m] and it;2"-+2 ^ ^2n+2^ There exists f'^" € V^" such 
that = u;2"+2. We_have /3(7;2",n^_„) = /3(Av2n^ = (if n e [0, ?fi - 1]) and 

^y2m _ j\^(^yj2m _|_ ^^^^ _ j\^yj2m ^ ^^-^/^ fohows since -K'2n,v = -^2n w ^ [1) "^]- We Verify 

(a2). We show that A'^"- : W~^" — > W^" is injective for all n > m + 1. Assume A?'^w~'^'^ = 
for some if;-^" g W^^n^ rpj^^^ i"it;-2n g Rad(Q|i^2^^) = {0} (note that Rad(Q|i^2„^) = 

Rad(<5|i4:2^ ^) © span{t;m} and that Q\k2„^/ is nondegenerate). It follows that A""w~'^^ = and 
dimi^2ri,w is even. Now ty-^" = o since /3(w-2", W^") = /3(^"ti;-2", W°) = 0, and dimW^" is 
even since dimi^2„w ~ dimW*^ — dimW^" and dimW*^ is even. Hence (a2) holds. 

Assume (al') and (a2) hold. It is clear that A : V^" — )■ V^"^^ is surjective for all n > 0, and 
Q\k2„v^ is nondegenerate for all n G (since K2n,v = -f^2nw)- Assume n > m + 1. We 

have W° = l2n,w ® ^2n,w (since /2n,w f"! ^2n,w = {0}' 'ii™^2n,w = dim W~2" and dimK2„,w = 
dimW°-dimW2") and thus Rad(g|i^2^ ^) C Rad(Q|wo) = {0}. Hence Q|i^2„ ^ is nondegenerate. 
Thus (a) holds. 

It remains to show that (al) is equivalent to (al'). Note that Rad((5|/2„w) ~ ^2n,w ^ ^2n,w- 
Assume (al') holds. Then A^ : W~^" W*^ is injective for any n G (see the proof of (a) 

implying (al') and (a2)). If /2n,wni^2n,w = {0}, then W° = /2n,w®^2n,w and Rad(Q|x2„ ^) = ^■ 
If ^2n,w ^ ^2n,w 7^ then it is contained in Rad(Q|;^2„ w)" '^^^^^'^(QIk^^ ^) < 1- Thus 
in any case, we have Rad(Q|x2„ -^v) ~ ^2n,w ^ ^2n,w — ^^'^iQlhnw^' Hence (al) holds. 

Conversely assume (al) holds. Suppose there exists n € [l,?7i] such that A^ : W'^ — )■ W^'^ is 
not surjective. We have dimK2nW > dimW" — dimW^*^, dim/2„-y\^ = dimW^*^ and diml2„'vv'~' 
-^2n,w = dimRad((5|/2„ vv) — ^- Hence dim(/2„,w + -^2n,w) — dimW°. It follows that /2n,w ^ 
^2n,w / {0} and W° = I^^^^ + i^2n,w_- But then I^.^^^ n -ftr2n,w ^ Rad(Q|wo) = {0} which 
is a contradiction. Hence A" : — > W^" is surjective for all n G [l,?Ti]. It remains to show 
that Rad(Q|x2„w) ~ hn,w ^ ^2n,w- Let C/° = /2n.w + ^2n,w ^ It is easy to see that 

RadiQlK^^^) = Rad{Q\uo)- We have dim(/2„ w ^ i^2n,w) = dimRad(Q|/2„ ^) < 1 and thus 
dim?7° > dimWO - 1. Since Rad(Q|wo) = {0}, dimRad(Q|;7j < 1. Now l2n,w ^ ^2n,w ^ 
Rad((5|f7o) and thus l2n,w ^ ^2n,w — ^^{Q\uo)- The proof is completed. 

3.5. Let W = ©aW°. We have 

V = spanjuj, i G [0, m]} © spanjuj, i G [0, m — 1]} © W 

and if m > 0, then 

W = G V\P{v,Ui) = ^^{v,Ui) = 0,i G [0,m - 1]; ^{v,Vj) = P^{v,Vj) = 0, j G [0,m]}. 
The collection of maps A : W" — > W""*"^ gives rise to a map 

^ : W ^ W, A(y w") = y Aw". 
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Note that for any w G W and any w € V, we have 

(3{Aw,v) = /3^{w,v). 

It fohows that A G o(W). 

Let vr-yy- : V ^ W be the natural projection. Let g £ Zg{0 = Zcif^^) = {g £ G\f3^{gv, gv') = 
/3^iv,v') y v,v' e V}. We show that 

(a) gvi = Vi, i £ [0,m]; Tr'^{gA^ w) = A^Tr'^{gw), and if fh > 0, then 

gui = Ui+ ^ bj+iVi + ^Vw('Uo), « G [0,m - 1]; 
ie[o,m] 

gA^w= f3{A'+^^T.^{uo),7^^{gw))v^ + A^TT^igw), weW. 

i€[0,fh] 

We have g\R = 1. Thus gvm = Vfh- We have /3^{gvrn,v) = /3^{vrh, 9~^v) = P{vrn-i, g~^v) = 
(3{gvrn-i,v) and /3^{gVfh,v) = (3^{vrn,v) = /3{vm-i,v), for any v € V. Then gvfn-i - Wm-i e R- 
Since Q{gvrn-i) = Qivfn-i), gvm-i = Vm-i- Similarly, gvi = Vi, i G [0,m- 2]. 

Now for any w G W, f3{-KT^{gAw),w) = /3{gAw, w) = f3{Aw, g~^w) = /3^{w, g^^w) = /3^{gw, w) = 
l^£.{'^w{9w),w) = /3{A7r^{gw),w). Hence TT^{gAw) = A7r^{gw). 

Assume m > and gUi = I]j6[o,m-i] + Z]jG[o,m] + where Wi G W. We have 
aij = /3{gui,Vj) = I3{gui,gvj) = l3{ui,Vj) = 5ij, j G [0,m - 1] _and (3^{gui,v) = f3^{ui, g~'^v) = 
P{ui+i, g^^v) = I3{gui^i,v). Hence hj-i = and Wj+i = Awi. Assume w G and gw = 

Eje[o,m-i] ^j^j+T,j(^[o,rh] VjVj+w', where G W. Then l3{gw, gvj) = /3{w,Vj) = /3{gw,Vj) = xj = 
and thus (3 {gw,gui) = yi+/3{A'-wo,w') = 0,i G [0,m-l], /3^{gw , gufh~i) = yrh+f3(iA'"^~^'Wo,'w') = 
0. This completes the proof of (a). 

3.6. Assume /3g € 6(V)^ (see EI]). Let fh, W", W and A be as in ES] and ESI Let W^'' = 
©a'>aW'''. We show by induction on dimV that C G>q and thus (, G gf'. 

Let k be the largest integer such that V*^ / 0. If A; = 0, then = 0, ^ = 0, G>q = G and 
it is clear that Zg{£,) C G^q. Assume k > 1. Note that k > 2fh (since vq G V^™), and for any 
w gW = W^-^ A^+'^w G~W^'^'+2 = {0}. 

Let g G ^g(0- We first show that gV'' = V'= and gV-^''^^ = V-"'''+^ (note that one follows 
from the other). Suppose that k > 2m. Then V'^ = W'' = A^W. Let w G W and TrT^(gw) = w'. 
Then gA'^w = avQ + A'^w' (we use 13.51 (a) and that A^+^w' = 0). Since = Q{gA^~'^w) = 
Q{A^-'^w) = (we use E3] (a) and note that A^-'^W C W^^), gA'^w = A'^w' G Vsf^ . It 
follows that ^V'^ = V'^. Suppose now that k = 2fh. Note that A G o(W)2 (with respect to 
the o-good grading W = ©W^ of W, see P 1.5] for the definition of o(W)^ and see ED (b'), 
E21 (al), (a2)). Thus by [3, L8], W^-^^+i = {x G WjA^^x = 0,Q{A^x) = 0}. We have 
Y>-2m+i ^ span{vi,i G [0, m]} ® spanjuj,? G [l,m - 1]} ® W-~2"'+^ It is clear that gVi G 
Y>-2m+i j^ggg 13 51 (^g^yj^ Note that for any w G W and any i > m + 1, A^w G W-^ and thus 
Q{A'w) = 0. Hence C W^-^^+i. It follows that guj G V>-2r^+\ j G[l,m- 1] (seeE3](a)). 
For_any w G W^-^^+^_, A^^TT^{gw) = ir^igA^'^w) = (note that A^^w G W^^m+i ^ |Q|j^ 
QiA'^TT^igw)) = QigA'^w) = QiA'^w) = (note that A'^w G W^^) and thus gw G V^"2m+i_ 
Hence gV>-2^+'^ = v>-2™+i. 
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Let V' = V- ^+i/v'^'. Then Q induces a nondegenerate quadratic form Q' on V. There is 
a natural (o-good) grading V = V^'^^-'^ © • • • © V'^"-^ on V and (3^ induces a symplectic form 
/3[ G with respect to this grading (note that /3^(V^ V^-'^+i) = /35(W^ W^-'^+i) = 

/3(iW'=, W^-'^+i) = 0). Now g € induces an element g' € Zg'(/3^), where G' = SOiV') is 

defined with respect to Q'. By induction hypothesis, g'\'-"- = V'-", for all a > —k + 1. It follows 
that ^V^" = V^'^ for ah a and thus g G G^q. 

3.7. Assume ^ G 32''' • We show that G 6(V)^. Let fh, W", W and A be defined for as in 
[O and [331 

We first show that dimW-^™ > dim_W-2™-2. Otherwise A : W-2™-2 ^ ^^-2rh jg 
injective. We choose a nonzero e~^"^~^ G W"^™"^ such that ^e"^"*"^ = 0. Assume fh = 0. Define 
5 : V ^ V, 5 ^ G|o by 

Let_z;,w' G V and -u; = tt^{v), w' = vr^K)- Since /3^(?;^,V) = and /3^(e-2'^-2, V) = 
/3(ie-2'^-"2^ V) = 0, it is easy to verify that Q{gv) = Q{w) + = Q{v) and f3^{gv,gv') = 
f3^{w,w') = f3^{v,v'). Thus g G ZciCj ^ G>q which is a contradiction. Assume m > 0. De- 
fine 5 : V ^ V, 5 ^ by 

= Uj, i G [0,m]; ^rno = tio + e"^™"^; ^Uj = Uj, i G [l,m - 1]; 
gw = w + (3{w, e"^'"~^)!;o, w G W. 

For any = + Yl^-i^i + Yl^iVi and = + X] '^i^i + ^i"^* in V (where w = 7r-yy^(ti), 
u;' = TT^{v')), since /3^(vo, V) = and /3^{e-^'^-^ ,V) = /3{Ae-^^-'^ ,V) = 0, we have 

Q{gv) = Q{v + P{w, e-^'^-^)vo + aoe-2"-2) = Q{v) + /3{v, /3{w, e-^'^-^)vQ + aoe-^'^-^) = Q{v), 
Pdgv, gv') = ^^{v + /3{w, e-2'^-2)^;o + aoe-^'^-^ v' + /3(w;', e-2'^-2)i;o + a'oe-2'^-2) = ^^(v, v'). 

Thus g G Zg(6 ^ G^o' ^bich is again a contradiction. 

Hence W = ©aW" is an o-good grading of W. Note that A G o(W)2 = {T G o(W)|TW" C 
W'^+2}. Let SO(W)>o = {g€ SO{W)\gW^'' = W^'^, V a}. 

We show that A G o(W)^, namely, A" : W"* W is an isomorphism for any odd i, A^ : 
W~2* — > W° is injective and <3lini(^»:W-2i_>wo) nondegenerate for all i > 1 (see [3, 1.5]). 
Otherwise by [31 1.8] there exists go G ZgQ(y{^^{A) such that go ^ 50(W)>o. Define g( : V ^ V 
by gfiu = (7ot(^ for all w G W and gvi = Vi, gui = Ui. Note that g ^ G>q. For any v,v' G V with 
^w(^) = and 7r^(^^') = w', since P^{gow, gow') = /3{Agow, gow') = fi{goAw, gow') = /3{Aw,w') = 
I3^{w,w'), we have 

Qigv) = Q{v + gow + w) = Q{v) + P{v, gow + w) + Q{gow + w) 

= Q{v) + P{w, gow + w) + Q{gow) + Q{w) + l3{gow, w) = Q{v) 
l^iiav^gv') = /3^{v + gow + 'w,v' + gow' + w') = f3^{v,v') + /3^{w,gow' + w') + /3^{gow + w,w') 
+/3^{gow + w,gow' + w') = /3^(i',w') + l3i:{gow, gow') + l3^{w,w') = l3^{v,v'). 

Thus g G ZciO ^ G^o which is a contradiction. 

We show that for all /c > fh + 1, A^^ : W-2*: ^ w2^ is an isomorphism. Otherwise there 
exist a and a nonzero €"2^^ g J^-'^k g^^]^ ^^j^g^i^ ^2A;g-2fe _ have e'' = A^e~'^'' ^ (since 

^fc . ^^-2k _^ j^o ig injective). Let e2j-2'= = Ah''^'' for j G [0,2A;]. Note that /3(e2i-2fc, e2'=-2i) = 
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^(^2fcg-2fc^g-2fc) ^ 0m^^^(g2i-2fc^g2fc-2i-2) ^ ^(^g2j-2fe^ g2fe-2j-2) ^ ^^^2^-2^+2^ g2fe-2j-2) ^ 

Fix a square root \jQ{e^) of Q(e°). Define g :Y ^Y, g ^ G>q by 

57;^ = Ui, i G [0,m]; gttj = + ^/Q(eO)e^^"2™-^ i G [0,m - 1]; 

gw = w+ Yl P{e^^~^^~^ ,w)e^^-^^ + P{e^^~^'^~^w)VQie^Vj, w eW. 

jg[o,2fc-i] je[o,»Ti] 

For any v = w + Yl^i^i + Yl^i^i ^-^^ v' = w' + X^a-Wj + YlK'^i ^ (where = t^t^{v 
w' = i:-^{v')), we have 

jG[0,m-l] ie[0,2fc-l] 

je[0,m] 

jG[0,m~l] jg[0,2fe-l] 

+ Y /3(e''-''^-^u;)vW0^.■ + /3(e-^^)'Q(e°) + (/3(e-^u;)^/Q^ 

ie[o,m-i] 

= Q{v)+ Y ^{e'''-^'-\w)P{w,e^^-^^) = Q{v) 
ie[o,2fc-i] 

P^{gv,gv')=P^{v+ Y b.VW)e''-''^-' + Y 

ie[0,m-l] ig[0,2fc-l] 
ie[o,m] ie[0,m~l] 

je[0,2A;-l] ie[o,m] 

ie[0,m-l] je[0,2fc-l] 

+ Y /3(e^^-''^-^^)^/Q(^^;•-l+ Y h',^/W)P^{e^^-^^-\w) 

ie[l,m] iG[0,m-l] 
iG[0,2fc-l] ie[i,m] 
ie[0,m-l] je[0,2fc-2] 

+ Y /3(e'^-"^-',"^)vW)&;-i+ Y Ky^Q{^me'^-'^,w) 
ie[i,m] ie[0,m-l] 

je[0,2fc-2] J6[l,rn] 

Thus g G ^ ^io which is again a contradiction. It follows that Rad(Q|jj^(^fc.-y^-2fc_!.-vv^o)) 

Im(A'= : ^ WO) n ker(^'= : ^ W^^^) = {0}. Thus dim W'^'^ = dimlm(i^ : W'^'^ - 

W") is even. This completes the proof of Proposition 13.11 
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4.1. For V* = (V^'^') G ^^^(V) (see ES]), let ??(V,) be the set of all G 6(V) such that 
;5^(V-'^, V-'') = whenever o + 6 > —1, and that the symplectic bilinear form jS^ induced 
by (3^ is in 6(V)2 (with respect to the corresponding o-good grading V = ©aezV*^ such that 

= ®a'>ay'), where G 6(V)2 is defined as fohows 

Note that we have ?/(V*) C &{'V)nU- 
Proposition 4.1. T/ie map 

Uv*eJo{v)f?(V*) ^ 6(V)„,;, ^ 

zs a bijection. 

When p ^ 2, the map i— >■ j4, where f3^{v,v') = f3{Av,v') for all G V, defines a bijection 
©(V)„i/ — > Mq and a bijection r?(V^,) — !• ??'(V*); where Mq is the set of nilpotent elements in g and 
r/'(V*) is as in |3, A. 4]. Thus the proposition follows from [3l A. 4(a)] in this case. The proof when 
p = 2 will be given in 14. 2114. 5i 

In view of the identification of 5'o(V) with Dq (see 12. 3p and the identification of &(V)nii with 
AAg* (see 12. 4p . Theorem 12. II follows from Proposition 14.11 and Proposition 13. 1[ 

4.2. We assume p = 2 through subsection 14.51 Let V = 0aV" be an o-good grading such that 
G r/(V*), where = (V-"') and = ®a'>a^''' ■ Let (5^ G 6(V)^ be the symplectic bilinear 

form induced by (see 14. 1|) . 

Let {vi,i G [0,m]} be the unique set of vectors defined for as in 12.41 (a). Assume m > 0. We 
choose a vector uq G V such that 

(a) I3{uq,vq) = 1, /3(no, Vi) = 0, i G [1, m - 1], Q{uq) = 0. 

Let {ui,i G [l,m — 1]} be the unique set of vectors (see [6l Lemma 3.6]) such that 

Q{ui) = 0; f3{ui,v) = f3^{ui-i,v), V u G V. 

Let W be a subspace of V such that 

(b) W e span{t;m} = V, if m = 0; 

W = {u G V|/3(w, Vi) = /3{u, Ui) = 0, i G [0, m - 1], j3^{v, Um-i) = 0}, if m > 0. 

Then V = span{z;j,z G [0, m]} © spanjuj,? G [0,m — 1]} © W (see ^ Lemma 3.8]) and /3|w is 
nondegenerate. Define 

: Wby f3{Ti.w,w') = I3i:{w,w'), V w,w' G W. 

Then for any x G W and any v G V, f3^{x,v) = /3{T^x,v). Moreover G o(W) is nilpotent (see 
[6l Lemma 3.11]). Let vrw : V W denote the natural projection. 

Let Ai be the smallest integer such that T^^W = 0. Let 

li = max(Ai — m, f), 

where / is the smallest integer such that Q{T^W) = 0. Note that h > [^^] and ^ = iff 
m = Ai = 0. 
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From now on assume 7^ unless otherwise stated. Let 

p : kerT^'-^ k 

be the map w i-)- Q{T^^^^^w). We set 

Aw = {x e W|Q(T^i-^x) = 0} if Ai - /i < m < h, 
Aw = ker p if m = Ai — /i < /i; 

and define a subspace ff/j^ C V such that 

Hp^ = spanl^m} © Aw, if m = 0; 

Hpi, = spanjiij, i € [0, m]} spanjuj, i € [1, m — 1]} W, if m > /i; 

= spanj^j, i G [0, m]} spanjuj, i € [1, m — 1]} Aw, if Xi — h < m < li, 

< m = Ai — /i = /i — 1, or < m = Ai — /i < /i — 1 and p 7^ 0; 
= span{tij, i G [0, m]} spanjuj, -i € [1, m — 1]} span{uo + uh*} © Aw, 
if < m = Ai — /i < /i — 1 and p = 0, 

where w** G W is defined as follows. There exists a unique E W such that fi{w^,,w)'^ = 
Q{T\^-^w) for all w G W. Since p = 0, G (kerT^^^-^)^ n W = T^^'^W . We choose any 

It;** G W such that w* = T^^^~^t(;** (the defintion of Hi^^ does not depend on the choice). 

Assume m = 0. We show that the definition of Hp^ does not depend of the choice of W. Let 
W be another complementary subspace of spanjum} in V and let : W W be defined as 

: W — >■ W. Then one easily shows that for any w G W, 'K\^f{T^^~^w) = T^^~^ {ir-w {w)) . Now 
the assertion is clear (note that p = 0). 

Assume m > 0. We show that the definition of Hi^^ does not depend of the choice of uq (see 
(a)). Assume we choose another uq satisfying (a) and define Ui, i G [1, m — 1], W, : W — > W as 
Ui, i [1,171 — 1], W, : W —7- W. By same argument as in 13.51 one shows that 

(c) Uj = Uj + EiG[oH + T^wo, j G [0, m - 1], 

(d) W = {E^el0,m] f3{w,Tiwo)v^ + w\w G W}, ^T^^{f^:w) = r^(7rw(^^)), weW, 
where wq = ttw{uo) and a2j + a^rn+j + Qi^lwo) = 0, j G [0, m - 1]. 

We first show that Ai and li do not depend on the choice of uq. Let Ai,/i be defined for and 
W as Ai, /i. It follows from (d) that r|W = if and only if f^W = and that 

(e) kerT^^^^^ C kerT^^^^"^ © span{vi,i G [0,m]}. 

Thus Ai = Ai. It also follows that Q{f^^w) = Q{T^^ {-itw{w))) = for ah G W (note that 
m + li > Ai). Thus li < h- Similarly li < li. Hence h = h- 

Let p : kerT^^^""^ — )• k be the map w 1— )• Q{T^^~^w). For any w G W, T^^^^w = if and only if 

T^'~'^{ttw{w)) = 0; and if f^'-^w = 0, then Q{f\'-^w) = Q{T^^^''^{ttw{w))) (we use (d)). Thus 
p = if and only if p = 0. It also follows that 

(f) ker p C ker p span{vi,i G [0, m]}. 
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Now we denote H^^ C V the subspace in the right hand side of the definition of Hp^ and let 

-ffuo C V be defined as with tij,W,T^, Aw replaced by ttj, W,T^, A-^. We need to show that 
= Hu^y li m > li, then this is clear since C (see (c) and (d)) and dim Hy_g = dimHuQ- 
Assume m < li. We show that 

(g) TTw{uj) G Aw for all j > 1; 

(h) 7rw(Aw) C Aw- 

In fact, for aU j > 1, we have r^^i"^(T|u'o) = 0, Q(r^^"^(r|u;o)) = Q(r'i (r|"^u;o)) = and thus 
(g) follows from (c). Now if m > Ai — h, then Q{T^^^^w) = Q{T^^^^ {^T^fll(■w)) for any w E W and 
thus (h) follows; if m = Ai — /i, then (h) follows from (f). 

Assume Ai — /i < m < Zi, m = Ai — /i = /i — 1, or m = Ai — < — 1 and p 7^ 0. It follows 
from (g) and (h) that i^ug C Huq (see (d)). Similarly Huq C 

Assume m = Ai — < — 1 and p = 0. Suppose that G W satisfies /3(?i*,tZ;)^ = Q{T''^^^'w) 
foranytZ; G W. Then /3(7rw(^«*), w^)^ = Q(r^'~^u') + /3(tt', r^^i"^u;o)2 = /3(u;*, u;)2+^(u;, r^^i-iu;o)2 
for all G W and thus /3(7rw(''^*) + + T^^~^WQ,y\f) = 0. Hence 7rw(iL'*) = + T^^~^wq = 
T^^^^^(w** + wq) and we can choose w^^ = + wq + Y^ l3{w^^,T'^WQ)vi. It follows that uq + tZ;*^, G 
Hu^y It then follows from (g) and (h) that Hi^^ C Similarly Huq C -ffu,,. 

We have shown in each case that Hp^ is well defined. 
Let L = H^^r\ Q~^(0). We show that 

(i) /35(L,V)=0. 

If m > /i, then m > and L = spanjuo}- If Ai — /i < m < /i, m = Ai — /i < /i — 1 and p 7^ 0, or 
m = Ai — = /i — 1, then m > and L = span{t>o} © (A^ n W). If m = Ai — /i < /i — 1 and /o = 0, 
then either m = or m > in which case we can choose uq such that w*^, = (see the definition 
of Hp^), and thus L = A^ n W. It is easy to see that T^W C Aw Hence for any x G A^ n W, 
/3^(x, W) = /3(r^x,W) = l3{x,TirW) = 0. Now (i) follows since /3^(uo, V) = when m > 0. 

4.3. Let /3^, -f/^^, V = ©ag^V^, V^,, m, {uj,? G [0, m]}, Ai, Zi be as in 14.21 Let n be the largest 
integer such that V" 7^ 0. 

We have 

(a) Vm G V° and ifm>0, Vi G V--'', i/ien Vi_i G V--''+2,i G 

In fact, if Vi G V^^ then /3(z;i_i, V^-^-^) = /^^(ui, V^-^-J) = 0. Hence Vi-i G (V^-^-^y n 
Q-i(O) = It follows that G V^^m ^j^^g 

n > 2m. 

Let no G [0, n — 2m] be the unique integer such that 

vo G V^"-"o, wo ^ V^"-"o+\ 

If m > 0, we (can) choose uq such that uq G V-^"'^"''' (see 14.21 (a)). Then the same argument as 
in the proof of (a) shows that 
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(b) Ui G V^-"+"o+2\ i G [0,m - 1]. 
It follows from (a) and (b) that 

(c) Vi G V^-"+i,i € [0,m]; Ui € V^-"+i,i e [l,m - 1]; and i/riQ > 0, then uq € V^-"+^ 
Let W C V be chosen as in 14.21 (b). We have 

(d) i/x € W n then T^x G V-^+^b + span{vi,i G [max(0,m - 5 + l),m]}. 

In fact, suppose that T^-^x = y+Efce[max(o,m-fe+i),m] Cfe^fc, where y G V^"+2^-2^ Then /3(r|x, v) = 

P^{T^-^X,V) = /3g(EfcG[max(0,m-b+l)H CkVk,v) = /3(EfcG[max(0,m-fe),m-l] Cfc+l^^fc, V V G V^^-^-^^ 

Hence T^x - E.e[max(o,™-6),™-i] ^k+iVk G (V^^— 2^^)^ = + R and (d) follows. 

It follows from (d) that for all x G W = W n V^"", T^+^x G W n (V^"+2 + span{7;J) = {0}, 
and r|x G W n (V^-"+2« + span{t;i}), where 9 = [ 2n-2m-no+2 j_ Assume r|x = xi + EIILo Ci^^i, 
where xi G V^-"+2^ Then = ;5^(r|x, u^-i) = (note that u^-i G v^-"+"o+2'"-2 and thus 
/3^{xi,Um-i) = 0). It follows that T^x G V-^ and thus 

r 2n — 2m — nQ + 2 -i 

(e) Q{T^ ^ 'x) = 0, X G W. 
Hence we have 

(f) Ai <n + l; 

(g) h < max([ 2"-2"^-"»+2 ],Ai - m), and Zi = Ai - m i/ [ 2n-2m-«o+2 ] < _ ^. 
Lemma. VFe /laue 

n = 2m if m > li, or m = Xi — h = h — 1, 
n = Xi — 1 if m = Xi — li < li — 1 and p = 0, 

n = li + m — 1 if Xi — li < m < li, or m = Xi — li < li — 1 and p ^ 0. 

In general, for x G V = ©V^, x" denotes the V" component of x. Let m, {vi,i G [0, m]}, 
{ui,i G [0, m— 1]}, W, W* and A be defined for as in l3.3l and l3.5l (if n = 2m, we choose uq = u^'^^ 
and then Um-i = u^_^). Note that we have Vm = Vm\ f3^{vm-i,w) = (3{v'^'^'^_-^^,iD),w G W. Hence 

(h) fh < m, and rh = m iff ^ 0. 
We first show that 

(i) W n V^-"+i = {u; G W\T^w = 0, Q{T^-"'w) = 0}. 

Let w G WnV^-"+i, then T^w G (V^"+^ + span{t>i, i G [0,m]})n W = {0}. If no > 0, then it 
follows from (e) that Q{T^~"^w) = 0. Assume no = 0. We have T'^~^w = y + ^i'^i some y G 
^>„+i_2m_ s^j^(,g 5^ ^ ^^(r|*-"'?i;,u„_i) = (note that P^{y,Um-i)=^ as Um-i G V^-"+2(™-i)), 
r^""™u; G V^^ Hence Q{T'^~'^w) = 0. This shows that the set in the l.h.s of (i) is a subset of 
that in the r.h.s of (i). 

Let X G W be such that T^x = and Q(r"""x) = 0. We show that 
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(j) /3(x^",^"W-") = 0. 

Suppose x"" = Y^aiUi + J^^i^i + ^) where w = ■K'w{x~^). Note that if no = 0, then gq = 
f3{x — vo) = since vq G V-" and x — G V-^"+^. It follows that x + w G V-~"'+-'^ (we use 
(c)) and thus T^w = and QiT^-'^w) = 0. We have i^W"") = ^^(a;-", i^-^W"") = 

/35(j;-", A^-^W"") = p^{w,A''-^W-'^) (in the last equality we use x" - w G V^-"+i). It follows 
from (d) and its proof that 

T^W = yi+ ^ Di+j_rnVj, 
j£[0,m] 

for some yi G V-""'^^*, where Di = for i < [^], and for i > [^] is the unique number such 
that T^w + DiVm G V-~""*"^* + spanjuj, i G [1, m]}. We show by induction on i that 

jG[0,m] 

In fact, we have 

/3^(«;,i"-iW-'^)=/3(T^7i;,i"-iW-")=/3(r|u;+ J] A+i-m^i, ^""'W"") 

jG[0,m] 

je[0,m] jG[0,m] 

= /3(T|+i«;+ ^ A+,-m+it^j,^""'"'W-"). 

i6[0,r?i] 

It follows that I3^iw, W-'^) = /3iT^w+Zjeio,m] A-m+jfj, W^") = 0, since Df = Q(r|u>) = 
for i > n — m + 1 (we use yi G V-^ and (e)); if n = 2m, then Dn-m = D„i = 0; if n > 2m, then 
D2_^ ^ Q(r^"-™ty) = (note that Q{yn-~m) = as G V^^). Hence (j) holds. 

Now assume first that n = 2m. We have fh = m, vq = vq (see (h)) and G W^^™ (since 

/3(x"^"','t;o) = 0). It follows from (j) that A^x'"^"^ G Rad((5|im(A™:W-2™-^wo))- By a similar 
argument as above one shows that /3(i'"x-2'^, W°) = /3((r™w)0, W°). Now {T^wf G W° since 
/3^{(Tpw)^ , Um-i) = l3^{T^w,Um-i) = P^iT^w , Um-i) = (note that we have chosen uq such that 
Um-i = u^n^)- Hence A'^x-^"' = {T^wf and Q(^™x-2™) = Q((r|"?i;)0) = Q{T^w) = 0. It 
follows that = and thus x'^™ = (see [231 (al)). Hence x G V^~"+i. 

Assume n > 2m. Then V"" = W"" (note that n > 2m > 2m). Since /3(A"x"", V"") = 
/3(x-",i"V-'") = (see (j)), A^x"" = and thus x"" = (we use that A" : W"" W" is an 
isomorphism). Hence x G V-^"+^. This complets the proof of (i). 

Now we prove the lemma. We have the following cases. 

(1) n = 2m. Then no = 0, Ai < 2m + 1 and li < m + 1 (see (f) and (g)). If h < m, then 
Ai < 2/i < 2m and thus for any x G W, T^x = and Q{T^~"^x) = 0; if /i = m + 1, then either 
m = Ai — /i = /i — 1 or Ai — /i < m < /i. It follows that = span{?;j, i G [0, m]} © spanjuj, i G 
[l,m - 1]} © {x G W|r^"x = 0,Q{T^-"'x) = 0} and thus Hf^^ C V^-"+i (see (c) and (i)). Assume 
X = ^aiVi + ^biUi + TTwix) G V-~"+^. We have bo = /3{x,vo) = since vq G V-". Then 
-Kw{x) G V^-"+i n W (we use (c)) and it follows that V^-"+i C Hf^^ (we use (i)). 

(2) n > 2m and no > 0. We have V~" = W~" (since n > 2m > 2m). Suppose Ai < n. Then 
for any w £ W, T^w = and QiT^-'^w) = (see (e)), and it follows that V = V^-"+i (see 
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(c) and (i)) which is a contradiction. Thus Ai = n + 1 and li = Xi — m (see (f) and (g)). Note 
that Q{T^^^~^W) = (see (e)) and thus p = 0. Hence i?^^ = span{fj,i G [0,?7i]} © span{uj,i G 
[0,m - 1]} ©kerTI'. Now it follows from (c) and (i) that V>~^+^ = Hp^. 

(3) n > 2m and no = 0. Let x = ^ aiVi + ^ + 7rw(a^) € V-~"+^. We have 6o = /^(a^, vq) = 
(since ?;o G V^") and thus 7rw(2;) G W n V^""+^ It follows that V--"+i = span{7;i,z G 
[0,m]}®span{'Ui,i G [l,m-l]}ffi{x G WlT^^x = 0,Q(T^"""')x = 0}. We show that h = n-m + l. 
Otherwise li <n — m, then Xi < n (see (g)) and thus V-~"+^ = span{t>j,i G [0, m]} © spanjuj, i G 
[l,m — 1]} © W. Hence dimV~" = 1 which is a contradiction (dimV^" = dimW~" must 
be even since n > 2m > 2m). Now if Ai < n, then Xi — li < m < li and V-^"^^ = i^/j^. 
Assume Ai = n + 1, then m = Xi — li < li — 1. We show that in this case p ^ 0. Otherwise, 
V" = (V^-'^+i)^ n Q-^O) = span{vo} © ((ker T^^i"^)^ n W) and thus dimV" is odd which is 
again a contradiction. It follows that V-^"+^ = H^^. 

Now it is easy to see that the assertion on n in the lemma holds in each case. 

4.4. We prove the injectivity of the map in Proposition 14. II bv induction on dim V. If dim V = 1, 
the statement is clear. Now assume that dimV > 3. Let /3g G S(V) and let V* = (V-") and 
V* = (V-") be two filtrations in 5o(V) such that G ?7(V=^) and G 77(V*). We need to show 
that V* = V*. If (3^ = 0, then V^^" = V^^'^ = V for all a < and V^"^ = V^" = for all a > 1. 
Now we assume ^ 0. 

Let ea=-n^'' and ©^=_j^V'' be o-good gradings of V such that V-"' = ©a'>aV''' and = 
©a'>aV"'. Then n = n and V^-"+i = V^-"+i (see Lemma [33]). Hence V" = V". Let V = 
V-^"^"'^/V" = V-^"^^/V". Then Q induces a nondegenerate quadratic form on V'. We set 
Y'>a = V' (resp. V'^*^ = V) if a < -n + 1, V'^*^ = V^«/V" (resp. V'^*^ = V^«/V") if 
a G [-n + l,n], and V'^'^ = (resp. V'^" = 0) if a > n. Then V^, = (V'^") G do(y'), 
V'^ = (V'^'^) G 5o(V'), induces a symplectic form G 6(V') (see[3J(i)) and G r?(V'J, 
G r?(V'J. By induction hypothesis, we have V'^" = V'^". It follows that V^" = V^" for 
a > -n + 1. We have V^" = V^'^ = V for a < -n + 1. Hence V* = V^. 

4.5. We prove the surjectivity of the map in Proposition 14.11 following the arguments used in [H 
2.11]. We can assume that k is an algebraic closure of the finite field F2 and that = dim V > 3. 
We choose an F2 rational structure on V such that Q is defined over F2. Then the Frobenius map 
F relative to this F2 structure acts naturally and compatibly on Uv*e5o(V)^(V*) and &{V)nii- It 
is enough to show that for any n > 1, the map ^'^ : (Uv*e5o(V)??(V*))^" ~^ ®(^)nii' 1— )• /3g is a 
bijection. Since ^„ is injective (see l4.4p . it suffices to show that \{\-iv,£^^(v)'n(^ *))^" \ = l®(^)ni'?l- 
In view of 12.51 (b), it is enough to show that 

(a) l(Uv.e5.(V)r?(V.))^"|=22"^^ 

Now the l.h.s of (a) makes sense when k is replaced by an algebraic closure of any finite prime field 
Fpi, and for p' 7^ 2, the l.h.s of (a) is equal to p'^""^ . Hence it is enough to show that the l.h.s of 
(a) is a polynomial in p'" with rational coefficients independent of p' and n (following Lusztig, we 
say that it is universal). 

We now compute the l.h.s of (a) for general p'. A collection of integers (/a)aGZ is called admissible 
if f-a = fa, fa is even for odd a, /o > /2 > /4 > • • • , /i > /s > > • • • and /a = dim V. 
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For (fa) as above, let 3^(/„) be the set of V* G -So(^) such that dimgra(V^.) = fa for all a, 
where ffr,(V,) = Y^-/Y^-+K We have |(Uv,g5„(v)??(V*))^" | = E(/„) I l^(V*)^" |, where 
V* is any fixed element in yfj^y Since is universal, it is enough to show that |f/(V=K)^"| 

is universal for any V* G '^(^")- -1^* ^^^y *o = ^'"^^1(6(^)2)^"!, where d = 

J2a<a',a+a'<-3fafa' + Ea<-2 /a(/a " l)/2 is Universal and 6(V)^ is defined with respect to an 
o-good grading ®aezV" of V such that dimV" = /„ and F(V") = for all a. Let s' be the 
number of all sequences Uq C U2 C U4 C ■ ■ ■ of subspaces of V° such that dimC/a = fo — fa 
and Q|[/a is nondegenerate for all a. Let s" be the number of all pairs (u), {1/1,1/3,1/5, .. .)) where 
cj is a nondegenerate symplectic form on and Ui C C U5 C ■ ■ ■ are subspaces of 
such that dimUa = f-i — fa and io\u^ is nondegenerate for all a. Let si be the number of vector 
space isomorphisms V~^/C/2a+i v^""*"^ and let S2 be the number of vector space isomorphisms 
V'/C/2a — ^ V^". We have that |(©(V)2)^"| = s's"siS2 is universal, since s' , s" , si, S2 are universal 
(see [21 1.2(a), 1.2(b)]). This completes the proof of Proposition 14.11 and thus that of Theorem 12.11 

4.6. Assume that k is an algebraic closure of a finite prime field Fp and that a split Fp-rational 
structure is given on G. Then g, g* and A/'g* have induced Fp-structures, each O G iic and each 
subset 7V5 (see 12. ip are defined over Fp (with Frobenius map F). As in [4], it follows from the 
proof in |4.5I that 

for all n> 1, [(A/"^)^"] is a polynomial of with integer coefficients independent of p and n. 
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